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Single-flavor Abelian mirror symmetry on RP2 × S1
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The supercoonformal index on RP2×S1 can be derived exactly by the localization
technique and applied to the direct proof of Abelian mirror symmetry. We find two
sets of parity conditions compatible with the unorientable property of RP2 and then
rigorously show two kinds of Abelian mirror symmetry via the index on RP2 × S1.
1. INTRODUCTION
An interesting observation in three-dimensional supersymmetric field theories is Abelian
mirror symmetry [1–3], whose simplest version holds between the supersymmetric QED
(SQED) and the so-called XYZ model. This duality could be proven in terms of exact physi-
cal quantities [4–7] computed by the localization [8]. In [9, 10], we derive the superconformal
index (SCI) on an unorientable manifold RP2× S1, which encodes the parity conditions im-
posed on the fields to be consistent with the unorientable structure. We name these P-type
and CP-type. As a result, we can realise two new types of single-flavor Abelian mirror
symmetry on RP2 × S1 as mathematically quite non-trivial identities of the SCIs.
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22. N = 2 QUANTUM FIELD THEORIES ON RP2 × S1
2.1. Parity conditions
The unorientable manifold RP2 is constructed by the antipodal identification acting on
a two-sphere S2 by (ϑ, ϕ, y) ∼ (pi − ϑ, pi + ϕ, y), where ϑ ∈ [0, pi], ϕ ∈ [0, 2pi] on S2, and
y ∈ [0, 2pi] along S1 3rd direction. In 3d N = 2 theories, the parity conditions under such
identification have to be set on a vector multiplet V = (Aµ, σ, λ, λ,D) and a matter multiplet
Φ = (φ, ψ, F ) to satisfy some physical requirements. It is turned out that the conditions for
V are classified as P-type and CP-type. The latter means that its action accompanies charge
conjugation C with parity P, and this consequence leads to the phenomenon that two matters
(φ1, φ2) with the opposite gauge charges (+q,−q), respectively, are merged into a doublet
field Φd, which means Φd should be treated as a degree of freedom on S
2. We summarise
them in (1) and (2) (the arrow indicates the action of the antipodal identification).
Vector multiplet V (P) Matter multiplet Φs
P-type
Aϑ → −Aϑ, Aϕ,y → +Aϕ,y, φ→ φ,
ψ → −iγ1ψ,
F → F,
σ → −σ,
λ→ +iγ1λ, λ→ −iγ1λ,
D → +D. with a gauge charge q.
(1)
Vector multiplet V (CP) Matter multiplet Φd
CP-type
Aϑ → +Aϑ, Aϕ,y → −Aϕ,y,


φ1
φ2

 →


φ2
φ1

,


ψ1
ψ2

→


−iγ1ψ2
−iγ1ψ1

,
σ → +σ,
λ→ −iγ1λ, λ→ +iγ1λ,


F1
F2

→


F2
F1

, with charges


+q
−q

.
D → −D.
(2)
2.2. Localization
The partition function of the theory on RP2 × S1 is called the SCI defined as the path
integral over it [9]. We compute it exactly by the localization technique and will list its
formulas as the quiver rule for physical information, which are mainly necessary in the next
section. See [9, 10] for detailed calculations. First of all, we draw as a global symmetry
with its background gauge field. The localized loci for the vector multiplet are given by
3P-type s±, θ : A = s±Aflat +
θ
2pi
dy, σ = 0,

 s+ = 0
s− = 1
, θ ∈ [0, 2pi]

 , (3)
CP-type s, θ± : A = s Amon +
θ±
2pi
dy, σ = −s,

s ∈ Z, θ+ = 0
θ− = pi

 , (4)
where Aflat is the nontrivial flat connection on RP
2, Amon is the Dirac monopole configuration
with monopole charge 2, and θ (θ±) is a Wilson line phase along S
1. The localization
computation provides the following rules for the one-loop determinans of the matters with
some R-charge ∆ which are coupled to global symmetries with charges q1 and q2:
s±1 , θ1 Φ︸︷︷︸
q1
oo ︸︷︷︸
q2
// s±2 , θ2 =


(
q
∆−1
8 e
i(q1θ1+q2θ2)
4
)+1
(e−i(q1θ1+q2θ2)q
2−∆
2 ;q2)∞
(e+i(q1θ1+q2θ2)q
0+∆
2 ;q2)∞
for (−1)q1s
±
1 +q2s
±
2 = +1,(
q
∆−1
8 e
i(q1θ1+q2θ2)
4
)−1
(e−i(q1θ2+q2θ2)q
4−∆
2 ;q2)∞
(e+i(q1θ1+q2θ2)q
2+∆
2 ;q2)∞
for (−1)q1s
±
1 +q2s
±
2 = −1,
(5)
s±1 , θ1
oo
oo︸︷︷︸
q1
Φ1
Φ2
//
oo ︸︷︷︸
q2
s2, θ2± =
(
q
1−∆
2 e−iq1θ1
)|q2s2| (e−i(q1θ1+q2θ2±)q|q2s2|+ 2−∆2 ; q)∞
(e+i(q1θ1+q2θ2±)q|q2s2|+
0+∆
2 ; q)∞
. (6)
In the quivers, we depict the flavors by boxes, and a box with two matters (Φ1,Φ2) implies
Φd. The direction of the arrow corresponds to the sign of the charge, and, in the following,
the number of arrowheads represents the absolute value of the charge for the symmetry.
Next, the recipes for gauge symmetries are given by gauging the global symmetries, that
is, summing over the allowed sectors of their parameters. We use the following nodes /.-,()*+ for
a P-type and a CP-type gauge symmetry:
?>=<89:;P// = q+ 18 (q
2; q2)∞
(q; q2)∞
∑
s±
1
2pi
∫ 2pi
0
dθ
(
s±, θ//
)
, (7)
//
oo ?>=<89:;CP = q− 18 (q; q
2)∞
(q2; q2)∞
∑
s∈Z
1
2
∑
θ±
(
//
oo s, θ±
)
. (8)
Finally, the Chern-Simons coupling 1
2pi
∫
B∧dA of two gauge fields A and B called a BF
term is turned to be parity-even only when A is P-type and B is CP-type (or vice versa).
Substituting the loci (3) and (4) into the BF term leads to a quiver rule
s±, θ
BF
s, θ± = eis
±θ±eisθ. (9)
43. ABELIAN MIRROR SYMMETRY
The statement of 3d mirror symmetry is that distinct theories go down to the same IR
fixed point along the RG flow. Here, we would like to show the N = 2 version of this duality
with a single flavor, that is, the one between the SQED and the XYZ model. The SQED
contains a vector multiplet and matter multiplets Q and Q˜ charged under the U(1) gauge
symmetry in the opposite manner. The XYZ model consists only of three matter fields X,
Y , and Z coupled with each other through the superpotential XY Z.
One key ingredient for mirror symmetry is to match global symmetries; the SQED has a
topological symmetry U(1)J and a flavor symmetry U(1)A, which exactly corresponds to two
flavor symmetries U(1)V and U(1)A in the XYZ model. This fact should be translated into the
parameter identifications in the SCIs of two theories (see [10] for their charge assignments).
Another important fact is the correspondence of the moduli spaces in these theories. The
moduli in the SQED are casted by the scalar ±σ for the Coulomb branch and the productQQ˜
for the Higgs branch, and they are mapped into (X, Y ) and Z, respectively, as the moduli
in the XYZ model. While we do not have a priori principle to fix the parity conditions
of X, Y , and Z, the parity action on the matters in the SQED can be readily found with
choosing the P-type or CP-type vector multiplet. Thus, we apply the moduli correspondence
to determining an appropriate parity condition in the XYZ model dual to the SQED having
each of V (P) and V (CP) as done in [10]. We should notice that there are two types of mirror
symmetry on RP2×S1 depending on whether the dynamical vector multiplet in the SQED is
P-type or CP-type. In the following, we call the former SQED(P) and the latter SQED(CP).
3.1. SQED(P) vs X
Y
Z
The left-hand side of (10) and (11) shows the quiver diagram and the index of SQED(P).
Its dual XYZ model is denoted by XYZ whose quiver on the right-hand side of (10) contains a
doublet formed by X and Y (represented by a single box). N = 2 mirror symmetry between
these theories by means of the superconformal indices is realized as the equality (11) under
the identifications a = a˜, s = s˜, and θJ± = θV±. Here, a := e
−2iθAq1−∆ (a˜ := e2iθ˜Aq1−∆)
includes a Wilson line phase for U(1)A in each theory. s (s˜) and θJ± (θV±) are a monopole
flux and a Wilson line phase for U(1)J (U(1)V ). We have given the exact verification and
the mathematical generalization of (11) in [9] by the q-binomial theorem [11].
5Q ?>=<89:;P// Q˜//
s+
A
, θA
<<
##
BF
s, θJ±
⇐⇒ X Y
OO OO
s˜+
A
, θ˜A

OO
s˜, θV±
&& &&
Z (10)
q
1
8
(q2; q2)∞
(q; q2)∞
∑
s±
∫ 2pi
0
dθ
2pi
eisθeis
±θJ±
{
a−
1
4
+ s
±
2
(e−iθa
1
2 q
1
2
+s±, eiθa
1
2 q
1
2
+s±; q2)∞
(eiθa−
1
2 q
1
2
+s±, e−iθa−
1
2 q
1
2
+s±; q2)∞
}
= q
1
8 a˜−
1
4
(
a˜−
1
2 q
1
2
)|s˜| (eiθV± a˜− 12 q1+|s˜|; q)∞
(eiθV± a˜
1
2 q|s˜|; q)∞
(a˜; q2)∞
(a˜−1q; q2)∞
. (11)
3.2. SQED(CP) vs XYZ
For SQED(CP) (the left quiver in (12)), the charged matters Q and Q˜ are combined into
a doublet field (again by a single box with them), on the other hand, the dual theory witten
by XYZ (the right quiver in (12)) is comprised of three matter multiplets which behave as
each single field on RP2 × S1. N = 2 mirror symmetry for these theories can be expressed
by (13) under a = a˜,1 s± = s˜±, and w = w˜, where s± (s˜±) and w := eiθJ (w˜ := eiθ˜V ) are
parameters associated with U(1)J (U(1)V ). As for the previous case, we have accomplished
the complete proof of (13) in [10] by applying the Ramanujan’s summation formula [11].
==
==
Q
Q˜
//
oo GFED@ABCCP
s+
A
, θA
BF
s±, θJ
⇐⇒ X Y Z
s˜+
A
, θ˜A<<
OO
"" ""
OO
##
s˜±, θV
(12)
q−
1
8
(q; q2)∞
(q2; q2)∞
∑
s∈Z
1
2
∑
θ±
eis
±θ±ws
(
q
1
2a−
1
2
)|s| (eiθ±a− 12 q|s|+1; q)∞
(eiθ±a
1
2 q|s|; q)∞
= q−
1
8 a˜
s
±
2
(a˜
1
2 w˜−1q
1
2
+s˜±, a˜
1
2 w˜q
1
2
+s˜±, a˜−1q; q2)∞
(a˜−
1
2 w˜q
1
2
+s˜±, a˜−
1
2 w˜−1q
1
2
+s˜±, a˜; q2)∞
. (13)
1 We use the different definition a := e2iθAq∆ (a˜ := e−2iθ˜Aq∆) from the previous one.
64. SUMMARY
We have established single-flavor Abelian mirror symmetry on RP2 × S1 by exactly cal-
culating the superconformal indices. Our mirror symmetry is actually turned to be quite
non-trivial mathematical identities to which we could give the rigorous proof [9, 10]. We
can immediately construct the N = 4 version of mirror symmetry from N = 2 one, which
provides fundamental formulas to generalize it to multi-flavor mirror symmetry. In addition,
the operation S of a SL(2,Z) group acting on 3d theories [12] can be consistently defined on
RP
2
× S1 and is used to realize mirror symmetry with inserting loop operators. One can see
the precise discussion of these extensions in [13].
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